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ઐ໳Պ໨

஫ҙ߲ࣄ

1. ໰୊ࢠ࡭͸͜ͷදࢴΛೖΕͯ̔ຕ͔ΒͳΔɽݧࢼ։࢝ͷ߹ਤ͕͋Δ·Ͱ͸໰୊ࢠ࡭Λ
։͚ͳ͍͜ͱɽ

2. ໰୊͸ઐ໳ૅج՝୊͕̏୊ ([1],[2],[3])ͱઐ໳՝୊͕̐୊ ([4],[5],[6],[7])ͷ߹̓ܭ୊͋
Δɽͦͷ͏ͪ̐୊બ୒͠ղ౴ͤΑɽͨͩ͠ɼ
[4] Λબ୒͢Δ৔߹ʹ͸ (A), (B) ͷ͍ͣΕ͔Ұͭʹ౴͑Αɽ྆ํΛબͿ͜ͱ͸Ͱ͖ͳ͍ɽ
[5] Λબ୒͢Δ৔߹ʹ͸ (C), (D) ͷ͍ͣΕ͔Ұͭʹ౴͑Αɽ྆ํΛબͿ͜ͱ͸Ͱ͖ͳ͍ɽ
[7] Λબ୒͢Δ৔߹ʹ͸ (G), (H), (I) ͷ͍ͣΕ͔Ұͭʹ౴͑ΑɽೋͭҎ্ΛબͿ͜ͱ͸Ͱ
͖ͳ͍ɽ

3. ౴Ҋࢠ࡭͸౴Ҋ༻̐ࢴຕ͔ΒͳΔɽͦΕͧΕͷ౴Ҋ༻ࢴʹɼڀݚՊ໊ɾઐ໊߈ɾडݧ
൪߸Λهೖ͢Δ͜ͱɽղ౴͸౴Ҋ༻̍ࢴຕʹ͖ͭ̍୊ͱ͠ɼͦΕͧΕͷ౴Ҋ༻ࢴͷ্ࠨ
ʹղ౴͢Δ໰୊൪߸ΛهೖͤΑɽ·ͨɼ[4], [5], [7] Ͱ͸ (A), (B), (C), (D), (G), (H), (I)

ͷه߸΋هೖͤΑɽ͓΋ͯ໘͚ͩͰॻ͖͖Εͳ͍৔߹ʹ͸ɼʮ΢ϥ΁ʯͱ໌ͯ͠هཪ໘Λ
Α͍ɽͯ͠༺࢖

4. Լॻ༻ࢴ͸̐ຕ͋ΔɽͦΕͧΕͷԼॻ༻ࢴʹɼڀݚՊ໊ɾઐ໊߈ɾडݧ൪߸Λهೖ͢
Δ͜ͱɽ

5. ໰୊ࢠ࡭΋Լॻ༻ࢴ΋ճऩ͢Δɽ
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஫ҙ C ͸ෳૉ਺શମ, R ͸࣮਺શମ, Q ͸༗ཧ਺શମ, Z ͸੔਺શମ, N ͸ࣗવ਺શମ
ͷͳ͢ू߹Λ, ͦΕͧΕද͢΋ͷͱ͢Δ.

[1] R3 \ {(0, 0, 0)}ΛఆٛҬͱ͢Δؔ਺ f, gΛͦΕͧΕ

f(x, y, z) = log(x2 + y2 + z2),

g(x, y, z) =(x2 + y2 + z2)(f(x, y, z)− 1)

ͰఆΊɼ∆g =
∂2g

∂x2
+
∂2g

∂y2
+
∂2g

∂z2
ͱ͓͘ɽ

(1) ∆gΛٻΊΑɽ

(2) 0 < a < bͱ͠ɼDa,b = {(x, y, z) ∈ R3 | a2 ≤ x2 + y2 + z2 ≤ b2}ͱ͓͘ɽ࣍ͷੵ෼
ͷ஋Λ a, bΛ༻͍ͯදͤɽ

∫∫∫

Da,b

f(x, y, z)dxdydz

(3) c > 0ͱ͠ɼDc = {(x, y, z) ∈ R3 | 0 < x2 + y2 + z2 ≤ c2}ͱ͓͘ɽ࣍ͷੵٛ޿෼ͷ
஋Λ cΛ༻͍ͯදͤɽ ∫∫∫

Dc

(∆g)(x, y, z)dxdydz
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[2] ̐࣍ਖ਼ํྻߦ

A =

⎛

⎜⎜⎜⎝

1 2 1 1

2 3 1 0

1 3 2 3

2 5 3 4

⎞

⎟⎟⎟⎠

ͱ A ͷఆΊΔઢܗม׵
f : R4 → R4 , f(x) = Ax

ʹ͍ͭͯɼҎԼͷ໰͍ʹ౴͑Αɽ

(1) f ͷ૾ Im f ͱ֩ Ker f ͷجఈΛ̍૊ͣͭٻΊΑɽ

(2) a Λ࣮਺ͱ͢Δɽ࿈ཱ̍࣍ํఔࣜ

Ax =

⎛

⎜⎜⎜⎝

a+ 1

1

2a+ 1

a

⎞

⎟⎟⎟⎠

͕ղΛ࣋ͭͨΊʹ a ͕ຬͨ͢΂͖৚݅ΛٻΊΑɽ

(3) Im f = {x ∈ R4 |Bx = 0} ͱͳΔΑ͏ͳྻߦBͰߦ਺͕࠷খͰ͋Δ΋ͷΛ ٻ1ͭ
ΊΑɽ

[3] DͱEΛू߹X্ͷಉ஋ؔ܎ͱ͠, X্ͷ߲̎ؔ܎∼Λ࣍Ͱఆٛ͢Δ.

x ∼ y ⇔ x0, . . . , xn ∈ X (n ≥ 1)͕ଘͯ͠ࡏ,࣍ͷ̎৚݅Λຬͨ͢ɿ

ɾx0 = x, xn = y

ɾxiDxi+1 ·ͨ͸ xiExi+1 (i = 0, . . . , n− 1)

͜ͷͱ͖, ҎԼΛࣔͤ.

(1) ∼͸X্ͷಉ஋ؔ܎Ͱ͋Δ.

(2) X্ͷಉ஋ؔ܎≡͕࣍ͷ৚݅ (∗)Λຬͨ͢ͱ͢Δ.

x, y ∈ Xʹରͯ͠ xDy·ͨ͸ xEyͳΒ͹ x ≡ y. (∗)

͜ͷͱ͖, x, y ∈ Xʹରͯ͠ x ∼ y ͳΒ͹ x ≡ y͕੒Γཱͭ.
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[4] ࣍ͷ (A), (B)ͷ͏ͪ 1ͭΛબͼղ౴ͤΑ.

ʢ̖ʣ

SL2(R) =
{(

a b

c d

) ∣∣∣∣∣a, b, c, d ∈ R, ad− bc = 1

}
,

p(t) =

(
1 t

0 1

)
, q(t) =

(
1 0

t 1

)
(t ∈ R)

ͱ͓͘. ҎԼͷ໰͍ʹ౴͑Α.

(1) SL2(R) ͸ྻߦͷੵʹؔͯ͠܈ʹͳΔ͜ͱΛࣔͤ (ͨͩ͠, ͷੵ͕݁߹཯Λຬͨྻߦ
͢͜ͱ͸ࣔ͞ͳͯ͘Α͍).

(2) ҎԼͷྻߦΛ
{
p(t), q(t) | t ∈ R

}
ͷ͍͔ͭ͘ͷݩͷੵͰදͤ.

(i)

(
0 1

−1 0

)
(ii)

(
−1 0

0 −1

)

(3) ܈ SL2(R) ͕
{
p(t), q(t) | t ∈ R

}
Ͱੜ੒͞ΕΔ͜ͱΛࣔͤ.

(4)
{
xyx−1y−1 | x, y ∈ SL2(R)

}
Ͱੜ੒͞ΕΔ SL2(R) ͷ෦෼܈Λ D ͱ͓͘. D =

SL2(R)ͱͳΔ͜ͱΛࣔͤ.

ʢ̗ʣ ෳૉ਺ମC্ͷೋม਺ଟ߲ࣜ؀C[x, y]ͷ৒༨؀

A = C[x, y]/(x2, y2)

ʹ͍ͭͯɼҎԼͷ໰͍ʹ౴͑Αɽ

(1) AͷC্ͷϕΫτϧۭؒͱͯ͠ͷ࣍ݩΛٻΊΑɽ

(2) AͷΠσΞϧ I͕C্ͷϕΫτϧۭؒͱͯ̎࣍͠ݩͷͱ͖ɼ৒༨؀A/I͸Ұม਺ଟ
߲ࣜ؀C[t]ͷ৒༨؀C[t]/(t2)ͱಉܕͰ͋Δ͜ͱΛࣔͤɽ

(3) ೋม਺ଟ߲ࣜ؀C[t, u]ͷ৒༨؀

B = C[t, u]/(t2 − u2, tu)

͸AͱಉܕͰ͋Δ͜ͱΛࣔͤɽ
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[5] ࣍ͷ (C), (D) ͷ͏ͪ̍ͭΛબͼ ղ౴ͤΑ.

(C) 0 < r < Rͱ͢Δɽύϥϝʔλදࣔ

p(φ,ψ) =
(
(R + r cosφ) cosψ, (R + r cosφ) sinψ, r sinφ

)
(φ,ψ ∈ R)

͕ఆΊΔR3಺ͷۂ໘Λ T Ͱද͢ɽ

(1) pͷ φ,ψʹΑΔภඍ෼ pφ, pψ͸֤఺ͰઢܗಠཱͰ͋Δ͜ͱΛࣔͤɽ

(2) T ͷ୯Ґ๏ϕΫτϧ৔ eΛٻΊΑɽ

(3) eΛ T ͔ΒR3΁ͷࣸ૾ͱΈͳͨ͠ͱ͖ɼT ͷ֤఺ʹ͓͚Δ eͷඍ෼ࣸ૾ͷ֊਺Λٻ
ΊΑɽ

(D) XΛϋ΢ευϧϑۭؒͱ͢Δ. Ai (i = 1, 2, . . .)ΛXͷ෦෼ू߹ͷྻͰ͋ͬͯ

A1 ! A2 ! A3 ! · · ·

Λຬͨ͢΋ͷͱ͠, Y =
⋃∞

i=1 Aiͱ͓͘. ҎԼ, ֤ Aiʹ͸X ͷ෦෼ۭؒͱͯ͠ͷҐ૬͕
ೖ͍ͬͯΔ΋ͷͱ͢Δ.

(1) Y ͷ෦෼ू߹଒O ΛҎԼͷΑ͏ʹఆΊΔͱ͖, (Y,O)͸Ґ૬ۭؒͱͳΔ͜ͱΛࣔͤ.

O = { U ⊂ Y |೚ҙͷ i = 1, 2, . . .ʹରͯ͠ U ∩ Ai͸Aiͷ։ू߹ }

(2) Y ͷ෦෼ू߹ F ʹରͯ͠ҎԼ͕ಉ஋Ͱ͋Δ͜ͱΛࣔͤ.

(i) F ͸ (Y,O)ͷดू߹Ͱ͋Δ.

(ii) ೚ҙͷ i = 1, 2, . . .ʹର͠, F ∩ Ai͸Aiͷดू߹Ͱ͋Δ.

(3) ֤ i = 1, 2, . . .ʹର͠, ఺ xiΛ xi ∈ Y \ AiͱͳΔΑ͏ʹͱΔɽM = {x1, x2, x3, . . .}
ͱ͓͘ͱ͖, M ͷ೚ҙͷ෦෼ू߹͸ (Y,O)ͷดू߹ͱͳΔ͜ͱΛࣔͤ.

(4) K ⊂ Y Λ (Y,O)ͷίϯύΫτ෦෼ू߹ͱ͢Δ. ͜ͷͱ͖K ⊂ AℓͳΔਖ਼੔਺ ℓ͕ଘ
Δ͜ͱΛࣔͤɽ͢ࡏ
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[6] ҎԼͷ໰͍ʹ౴͑Α.

(1)
1

(z2 + 1)2
ͷ z = iͰͷۃͷҐ਺ͱཹ਺ΛٻΊΑ.

(2) ԼਤͷΑ͏ͳ൒ԁΛෳૉฏ໘ʹ͓͍ͯ͑ߟ, ͦͷपʹਖ਼ͷ͖޲Λ͚ͭͨ΋ͷΛΓRͱ
͢Δ.

R−R

ΓR

͜ͷͱ͖ෳૉੵ෼
∫

ΓR

1

(z2 + 1)2
dzΛ͑ߟΔ͜ͱʹΑΓ

∫ ∞

−∞

1

(x2 + 1)2
dx =

π

2

͕੒Γཱͭ͜ͱΛࣔͤ.

(3) (2)Λ༻͍ͯ lim
n→∞

∫ ∞

−∞

cos
(
x
n

)

(x2 + 1)2
dxΛٻΊΑ.
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[7] ࣍ͷ (G), (H), (I) ͷ͏ͪ̍ͭΛબͼ ղ౴ͤΑɽ

(G) R2ͷ෦෼ू߹B∗Ͱɼ೚ҙͷ௚ઢͱஸ౓ 2఺ͰަΘΔ΋ͷ͕ଘ͢ࡏΔ͜ͱ͕஌ΒΕ
͍ͯΔɽҎԼͷํ਑ʹै͍͜ΕΛࣔͤɽ
2ℵ0 Λ Rͷೱ౓ |R|ͱ͢ΔɽL = {lα}α<2ℵ0 Λ R2಺ͷ௚ઢશମΛ੔ྻͨ͠΋ͷͱ͢Δɽ
ॱং਺ α < 2ℵ0 ʹؔ͢Δؼೲ๏Ͱɼू߹Aα ⊂ lα (|Aα| ≤ 2)ΛҎԼͷΑ͏ʹఆΊΔɽશͯ
ͷॱং਺ i < αʹ͍ͭͯAi͕ఆ·͍ͬͯΔͱ͢Δɽ

• Bα =
⋃

i<αAi

• Lα = {l ∈ L | |l ∩ Bα| ≥ 2}

ͱ͓͘ɽ|lα ∩ Bα| = n < 2ͷͱ͖, lα \
⋃
Lαͷ (2− n)-఺෦෼ू߹ΛAαͱͯ͠೚ҙʹબ

Ϳ. ͦΕҎ֎ͷ৔߹͸AαΛۭू߹ͱ͢Δɽ
∗Bʹޙ࠷ =

⋃
i<2ℵ0 Aiͱ͢Δɽ

(1) ฏ໘௚ઢશମͷू߹ Lͷೱ౓͕ 2ℵ0ʹͳΔཧ༝Λड़΂Αɽ

(2) |Bα| < 2ℵ0Λࣔͤɽ

(3) |Lα| < 2ℵ0Λࣔͤɽ

(4) B∗͸֤௚ઢ l ∈ Lͱஸ౓ 2఺ͰަΘΔ͜ͱΛࣔͤɽ

(H) ֬཰ม਺X͸࣍ͷ֬཰ີ౓ؔ਺

f(x, θ) =

⎧
⎪⎨

⎪⎩

x

θ
exp

(
− x2

2θ

)
(x > 0),

0 (x ≤ 0)

Λ΋ͭͱ͠ɼ͜ͷ෼෍͔Βແ࡞ҝඪຊX1, ..., XnΛநग़ͨ͠ͱ͢Δɽͨͩ͠ɼθ > 0ͱ͢Δɽ

(1) X2ͷฏۉEθ(X2)ͱX4ͷฏۉEθ(X4)ΛٻΊΑɽ

(2) X1, ..., Xnʹͮ͘ج θͷ࠷໬ਪఆྔ θ̂nΛٻΊɼͦͷ෼ࢄVarθ(θ̂n)ΛٻΊΑɽ

(3) X1, ..., Xn͕΋ͭ θʹؔ͢ΔϑΟογϟʔ৘ใྔ In(θ) ΛٻΊɼ(2)Ͱಋग़ͨ͠࠷໬
ਪఆྔ θ̂n͕༗ޮਪఆྔͰ͋Δ͜ͱΛࣔͤɽ
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(I) AΛ੔਺੒෼ͷ 2࣍ਖ਼ํྻߦͱ͠ɼAͷࣜྻߦΛ det(A)Ͱද͢ɽA = (aij), B = (bij)

ͷͱ͖ɼA ≡ B (mod n)Λ aij ≡ bij (mod n)ͱ͢Δɽ

A ≡
(

0 1

−1 −2

)
(mod 5), A ≡

(
−2 −1

−3 0

)
(mod 7), A ≡

(
5 −5

4 4

)
(mod 11),

n1 = 5, n2 = 7, n3 = 11 ͱ͢Δɽ࣍ͷ໰͍ʹ౴͑Αɽ

(1) i = 1, 2, 3ʹର͠ɼdet(A) ≡ xi (mod ni)Λຬͨ͢ xiͷ͏ͪɼઈର஋͕࠷খͱͳΔ
΋ͷΛٻΊΑɽ

(2) (1) ͷ݁ՌΛ༻͍ͯɼdet(A) ≡ x (mod n1n2n3)Λຬͨ͢ xͷ͏ͪɼઈର஋͕࠷খͱ
ͳΔ΋ͷΛٻΊΑɽ

(3) max
1≤i,j≤2

|aij| ≤ cͷͱ͖ɼ| det(A)| ≤ 2c2Λࣔͤɽ

(4) max
1≤i,j≤2

|aij| ≤ 9ͱ͢Δɽ͜ͷͱ͖ɼ(2) ͰٻΊͨ xʹର͠ɼdet(A) = xΛࣔͤ.


